Let d(k) be defined as the least positive integer n for which Pni < 2p:
1.

INTRODUCTION.
Let Pn be the n th prime and let k be a positive integer.
We define d(k) to be the least positive integer n for which Pn,l < 2pn k, and consider the corresponding generalization of Bertrand s Postulate.
There are other generalizations of Bertrand's Postulate, for example [i] and [2] .
Dressler [3] showed that Pn+l < 2p i0 for all n > 6. Badea TO obtain an explicit upper bound for d(k) we have to observe that k/(log k log log k) < k/(log k 2.531) if k < 286663.
Hence we have different upper bound functions for d(k) depending upon the value of k. Moreover, we need to use the computer languages Maple and Turbo Pascal.
We use Maple to get the exact value of k which is needed in Lemma 7, and we use Turbo Pascal to obtain Tables 1 and 2 for small values of k and provide a program to verify Cases 1-3 of Theorem 4.
The proofs of this paper require the following results. n(log n + log log n 3/2) < Pn n _> 2 (1.3) Pn < n(log n + log log n 1/2) n > 20
(1.4) Pn n(log n + log log n 1 + 0(log log n/log n)) (1.5) Pn+l Pn -< 652
Pn < 2.686 1012 (1.6) log log(n+l) < .000003412 + log log n n _> 28567
nlog(l+i/n)+log(n+l)+log log(n+l) < .00053582n n >_ 28567
(1.8) (1.3) and (1.4) are found in [5], (1.5) is found in [6] and (1.6) is found in [7] We define the following function to make Lemmas 2 and 4 more readable, T(k,c) (l+cE)/log k where E > 0.
(1.9) 2.
THw-OMS, LEMMAS AND THEXR PROOFS. LEMMA i. For n sufficiently large, there exists > 0 such that 2pn
Pn+l > n(log n + log log n (i + )).
PROOF. From (1.5) there exists a constant c such that Pn < n(log n + log log n 1 + c(log log n / log n) and Pn > n (log n + log log n 1 c (log log n / log n)
We see that 2pn
Pn+l > 2n(log n + log log n 1 c(log log n/log n)) (n+l) {log(n+l) + log log(n+l) 1 + c(log log(n+l)/log(n+l)) ).
(2.1)
After simplification and for n sufficiently large (2.1) will become 2pn
Pn+l > n(log n + log log n (l+E)) QED.
LWMMA 2. With and n as in Lemma I, let n k(l+(l+4E)/log k)/log k then for k sufficiently large we have k < n(log n + log log n (I+)) PROOF. Suppose not; then k _> n(log n + log log n (l+E)) (2.2)
After substituting for n, multiplying through by (log k)/k and using (1.9), (2.2) becomes log k > log k + log (l+T (k, 4) log log k
We observe that (2.3) does not hold for large k because log log k + log log((k/log k)(l+T(k,4))) --) 0 and the T(k,4)log k term dominates. Hence this establishes the Lemma.
QED.
THw.ORM I.
With E as in Lemma i, there exists k sufficiently large such that d(k) < k(l+(l+4)/log k)/log k.
PROOF.
We want to find an upper bound for the function
Pn+l.
(2.4)
For n sufficiently large and > 0, by Lemma 1 we have the following inequality n(log n + log log n (l+e)) < 2pn
(2.5) From (2.5) we now replace (2.4) with a more restrictive inequality k < n(log n + log log n (I+)) (2.6) G. GIORDANO Choose n k(l+(l+4E)/log k) Then by Lemma 2, (2.6) and hence
LEMMA 3. For n sufficiently large, there exists E > 0 such that 2pn Pn/l < n(log n + log log n (l-E))
PROOf.
By using the upper and lower bounds for Pn found in the proof of Lemma I, we have the following 2pn Pn/! < 2n(log n + log log n 1 + c(log log n/log n)) (n+l)(log(n+l) + log log(n+l) 1 c(log log(n+l)/log(n+l)) }.
(2.7)
After simplification of (2.7) we have for n sufficiently large the desired result 2pn
Pn+l < n(log n + log log n (l-E)). QED.
LEMMA 4. With E and n as in Lemma 3, let n k(l+(l-3E)/log k)/log k then for k sufficiently large we have k > n(log n + log log n
Suppose not; then k _< n (log n + log log n
After substituting for n, multiplying through by (log k)/k and using (1.9), (2.8) becomes log k _< log k + log (l+T (k, -3)
We observe that (2.9) does not hold for large k because log log k + log log( (k/log k)(l+T(k,-3)))--) 0 and the For n sufficiently large, Lemma 3 yields the following inequality n(log n + log log n (l-E)) > 2pn
From (2.11) we now replace (2.10) with a more restrictive inequality k > n(log n + log log n (l-e)).
(2.12)
Choose n k(l+(l-3)/log k)/log k. Then by Lemma 4, (2.12) and hence (2.10) still hold. Therefore
LW.MMA 5. If n > 20, then 2pn-Pn+l < n(log n + log log n + 1/2).
PROOF.
From (1.3) and (1.4) we have 2pn Pn+l < 2n(log n + log log n 1/2) (n+l)(log(n+l) + log log(n+l) 3/2). (2.13)
After several manipulations we see that (2.13) becomes 2pn Pn+I < n(log n + log log n + 1/2).
QED.
Lw.MMA 6. Let n k(l 1/log k)/log k, where k _> 92 then k > n(log n + log log n + 1/2).
PROOF.
Suppose not; then k < n(log n + log log n + 1/2).
(2.14)
After substituting for n and multiplying through by (log k)/k, (2.14) would become log k < log k log log k + log(l 1/log k) + log log(k(l-1/log k)/log k) + 1/2 + {log log k-log k
With further simplifications and rearrangement of terms we see that (2.15) is false for k _> 92, thereby establishing the Lemma. QED.
We want to find a lower bound for d(k) such that for all n < d(k) we have k > 2Pn Pn+l.
(2.16)
For n 20 and using Lemma 5 we establish the following 2pn Pn+l < n(log n + log log n + 1/2) (2.17)
From (2.17) we now replace (2.16) with a stronger inequality k > n(log n + log log n + 1/2). then k < n(log n + log log n 2.500539232).
Suppose not; then k _> n(log n + log log n Pn/l > n(log n + log log n 2.500539232).
Using (1.3) and (1.4) we have 2pn
Pn/1 > 2n(log n + log log n 3/2) (n+l) (log(n+l) log log(n+l) 1/2) (2.26)
After several simple algebraic manipulations and using (1.7), (2.26) becomes 2pn Pn+1 > n(log n + log log n 2.500003412) -nlog(l+i/n) log(n+l) log log(n+l) (2.27) Using (1.8) we have the desired result.
QED. For n > 28567 and Lemma 9 we have the following n(log n + log log n 2.500539232) < 2Pn Pn/!" (2.29) From (2.29) we replace (2.28) with a more restrictive inequality k < n(log n + 10g log n-2.500539232). 
3.
COMPUTER PROGRAMS AND TABLES.
The computer program called Verification was written in Turbo
Pascal. Tables 1 and 2 were produced by other Pascal programs.
program Verification; var i-integer; j:longint; answer,k,n:real; begin for end; for end; for end end.
i'=194 to 388 do begin COMMENT.
There is a discrepancy between the value of d (8) 
